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Abstract
Let F and G be two graphs and let H be a subgraph of G. A decomposition of G into subgraphs F1, F2, . . . , Fm is called an
F-factorization of G orthogonal to H if FiF and |E(Fi ∩ H)| = 1 for each i = 1, 2, . . . , m. Gyárfás and Schelp conjectured that
the complete bipartite graph K4k,4k has a C4-factorization orthogonal to H provided that H is a k-factor of K4k,4k . In this paper,
we show that (1) the conjecture is true when H satisﬁes some structural conditions; (2) for any two positive integers rk, K
kr2,kr2
has a Kr,r -factorization orthogonal to H if H is a k-factor of Kkr2,kr2 ; (3) K2d2,2d2 has a C4-factorization such that each edge of
H belongs to a different C4 if H is a subgraph of K2d2,2d2 with maximum degree (H)d.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
We will only consider ﬁnite simple graphs in this paper. For a graph G, we let |G| denote the number of vertices
of G while ‖G‖ denotes the number of edges of G. We will generally follow the notation and terminology in [4]. Let
F and G be two graphs and let H be a subgraph of G. A tuple (F1, F2, . . . , Fm) is called an F-factorization of G if
F1, F2, . . . , Fm are edge-disjoint subgraphs of G such that G =⋃1 im Fi and F1 · · ·FmF . Furthermore, an
F-factorization (F1, F2, . . . , Fm) is orthogonal to H if |E(Fi ∩ H)| = 1 for each i = 1, 2, . . . , m. Alspach et al. [1]
asked the following two fundamental questions regarding orthogonal factorizations.
1. Given a graph theory property P and an F-factorization of G, does G contain a subgraph H satisfying property P
and orthogonal to the factorization?
2. Given a subgraph H of G, does there exist a graph F such that G has an F-factorization orthogonal to H?
Clearly, ifG has an F-factorization orthogonal toH, then ‖G‖=‖F‖·‖H‖. This necessary condition is not sufﬁcient.
For a given graph F, searching special classes of graphs G such that, for every regular subgraph F of G, G has an F-
factorization orthogonal to H provided that ‖G‖=‖F‖ · ‖H‖ is the subject of an intensive study.As pointed out in [1],
the results in this direction may have applications in combinatorial designs, since many problems on designing Latin
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squares and room squares can be transformed into problems on orthogonal factorizations [1]. Let C4 denote the cycle
with 4 vertices. Gyárfás and Schelp [2] asked the following question.
Problem 1.1. For any H which is a k-regular spanning subgraph of K4k,4k , does G have a C4-factorization orthogonal
to H?
Gyárfás and Schelp showed that the answer is positive for k = 2, 3. They believed the answer to Problem 1.1 is
positive. We will consider a generalization from C4 to Kr,r with r2 in the next section. In Section 3 we will prove
such a decomposition exists by imposing some neighborhood conditions on H.
2. Kr,r -Factorizations
We need the following result of Hajnal and Szemerédi [3].
Theorem 2.1. If G is a graph of order n such that n = r(d + 1) and the maximum degree (G)d, then G has a
proper (d + 1)-vertex-coloring such that every color class has exactly r vertices.
Theorem 2.2. Let k and r be two positive integers such that rk. If H is a k-regular spanning subgraph of the complete
bipartite graph Kkr2,kr2 , then Kkr2,kr2 has a Kr,r -factorization orthogonal to H.
Proof. Let A and B be the two vertex partite sets of Kkr2,kr2 and H. Clearly, |A| = |B| = kr2. We ﬁrst show that A can
be partitioned into sets of size r such that NH(x) ∩ NH(y) = ∅ for any two distinct vertices x, y in the same r-set. To
accomplish this we deﬁne an auxiliary graphLwith vertex setA and edge set consisting of pairs whose neighborhoods
in H have a nonempty intersection. Since H is k-regular, the maximum degree ofL is at most k(k − 1). Let d = kr − 1.
Since rk, we have that d +1= krk(k−1)+1. By Theorem 2.1, V (L)=A can be partitioned into kr independent
sets A1, A2, . . . , Akr such that |Ai | = r for each i = 1, 2, . . . , kr . But then, from the deﬁnition of L, we have that
NH(x) ∩ NH(y) = ∅ for every Ai and any two distinct vertices x, y ∈ Ai .
For each i = 1, 2, . . . , kr, let Ai = {ai1 , ai2 , . . . , air }. For each aij ∈ Ai , let NH(aij ) = {bij 1, bij 2, . . . , bij k}. Since
NH(aij )∩NH(ai)=∅whenever 1j = r , |
⋃r
j=1 NH(aij )|=rk. Thus, |B−
⋃r
j=1 NH(aij )|=kr2−kr=kr(r−1).
Associated with each Ai , we deﬁne an auxiliary graphM with vertex set B −⋃rj=1 NH(aij ) such that two vertices
x and y are adjacent if, and only if, NH(x) ∩ NH(y) = ∅. Since H is k-regular, the maximum degree ofM is at most
k(k−1). Let d=kr−1. Since rk, we have that d+1=krk(k−1)+1. ByTheorem 2.1,V (M)=B−⋃rj=1 NH(aij )
can be partitioned into kr independent sets Bij 1, Bij 2, . . . , Bij kr such that |Bij t | = r − 1 for each j = 1, 2, . . . , kr .
Clearly, NH(x) ∩ NH(y) = ∅ for each Bij t and any two distinct vertices x, y ∈ Bij t .
We note that the subgraph induced by (Ai, {bij t } ∪ Bij t ) is isomorphic to Kr,r and contains the single edge aij bij t
of H for each triple (i, j, t) with 1 ikr , 1jr , and 1 tkr , so that they form a Kr,r -factorization orthogonal
to H (Fig. 1). 
Fig. 1. Decomposed into Kr,r .
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Fig. 2. Decomposing K{x,y},(N(x)∪N(y)∪C∪D) into C4.
3. A generalization of orthogonal factorization
Let F and G be two graphs and let H be a subgraph of G. An F-factorization (F1, F2, . . . , Fm) is weakly orthogonal
to H if |E(Fi ∩ H)|1 for each i = 1, 2, . . . , m.
Theorem 3.1. Let d be an integer such that d2 and let H be a subgraph (not necessarily spanning) of K2d2,2d2 such
that maximum degree of H is at most d. Then K2d2,2d2 has a C4-factorization weakly orthogonal to H.
Proof. Let A and B be the two partite sets of K2d2,2d2 . Clearly, we have that |A| = |B| = 2d2. As in the proof of
Theorem 2.2, let L be an auxiliary graph with vertex set A and that two vertices x, y are adjacent if, and only if,
NH(x)∩NH(y) = ∅. Since the maximum of degree of H is at most d, the maximum degree ofL is at most d(d − 1).
Applying Theorem 2.1 with r := 2 and d + 1 := d2, we obtain a proper d2-vertex-coloring of L such that each
color class contains exactly two vertices. Therefore, A can be partitioned into 2-sets such that for each 2-set {x, y},
NH(x) ∩ NH(y) = ∅. For any such 2-set {x, y}, let NH(x) = {a1, a2, . . . , a} and NH(y) = {b1, b2, . . . , bt } with
t. If t >  then we join to NH(x) new elements {a+1, . . . , at } of B disjoint from NH(y) ∪ NH(x). Thus for
convenience assume t = . Since |B| = 2d24d4t (due to d2), we can select disjoint subsets C ={c1, c2, . . . , ct }
and D = {d1, d2, . . . , dt } of B − (NH (x) ∪ NH(y)). Decompose K{x,y},(NH (x)∪NH (y)∪C∪D) into the C4’s xaiycix and
ybixdiy for i = 1, 2, . . . , t (Fig. 2).
Note that each of these C4’s contain at most one edge of H and that the union of these C4’s covers the edges of
NH(x) ∪ NH(y). Finally decompose K{x,y},(B−(NH (x)∪NH (y)∪C∪D)) into C4’s in an arbitrary way. Doing the above
procedure for each 2-set in the partition of A completes the proof. 
4. A neighborhood intersection condition on H
In this section, we prove the decomposition mentioned in Problem 1.1 is possible whenH satisﬁes a special condition.
However, we believe that our method of proof cannot be used to prove the decomposition possible for general H, since
one can show, for ﬁxed s(and k large), that almost all k-regular spanning subgraphs ofK4k,4k=KA,B satisfy the property
that each s-element subset S ⊆ A satisﬁes⋂x∈SNH (x) = ∅, i.e. almost all H do not satisfy our condition.
Theorem 4.1. Let H be a k-regular spanning subgraph of the balanced complete bipartite graph K4k,4k with partite
sets A and B. If H satisﬁes condition C given below, then K4k,4k has a C4-factorization orthogonal to H.
Condition C. Set A can be partitioned into 4-sets such that each 4-set {x, y, r, s} satisﬁes the following properties:
(1) NH(x) ∩ NH(y) ∩ (NH (r) ∪ NH(s)) = ∅,
(2) NH(r) ∩ NH(s) ∩ (NH (x) ∪ NH(y)) = ∅, and
(3) If L = NH(x) ∩ NH(y) and M = NH(r) ∩ NH(s) and |L| |M|, then
(a) NH(r) − M contains a subset F1 with F1 ∩ (NH (x) ∪ NH(y)) = ∅ and |F1| = |L| − |M| and
(b) NH(s) − M contains a subset F2 with F2 ∩ (NH (x) ∪ NH(y)) = ∅ and |F2| = |L| − |M|.
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Fig. 3. Condition C.
Fig. 4. Operation O1.
Fig. 5. Operation O2.
Note that NH(r) − (F1 ∪ M) and NH(s) − (F2 ∪ M) might each intersect (NH (x) ∪ NH(y)) − L. This is allowed.
Before we state the proof of the theorem we describe three different factorization operations for small graphs.
O1: Consider the K4,4 with parts {x, y, r, s} and {z,w, a, b} and let H ′ be the subgraph whose edge set is xz, yz, rw,
sw as are shown in Figs. 3 and 4. This K4,4 can decomposed into the four edge disjoint 4-cycles xzrax, yzsay, rwxbr,
and swybs. Note each of these 4-cycles contains exactly one edge of H ′.
O2: Consider the K4,4 with parts {x, y, r, s} and {z,w, t, d} and let H ′ be the subgraph whose edge set is xz, yz,
rw, and st as are shown in Fig. 5. This K4,4 can be decomposed into the edge disjoint 4-cycles xzswx, yzrty, stxds, and
rwydr. Again each of these 4-cycles contains exactly one edge of H ′.
O3: LetK{x,y},B ′ be a complete bipartite graphwith partite sets {x, y} andB ′ such thatB ′={z1, . . . , zk′ , w1, . . . , wk′ ,
c1, . . . , ck′ , d1, . . . , dk′ } and let H ′ be a subgraph of K{x,y},B ′ induced by edges xc1, . . . , xck′ , yd1, . . . , ydk′ . This
K{x,y},B ′ can be decomposed into 2k′ C4’s as follows: xziycix, ywixdiy for i = 1, 2, . . . , k′. Note that each 4-cycle
contains exactly one edge of H ′ (Fig. 6).
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Fig. 6. Operation O3.
5. Proof of Theorem 4.1
Let  = |L| and m = |M|. Since m, partition L into L1 ∪ L2 such that |L2| = m = |M|. Because H is k-regular,
the conditions of Condition C allow us to select sets F1 ⊆ NH(r) − M , F2 ⊆ NH(s) − M , and pairwise disjoint sets
F3, F4, F5 ⊆ B − (NH (x) ∪ NH(y) ∪ NH(r) ∪ NH(s)) with |F3| = |F4| = m and |F1| = |F2| = |F5| =  − m.
Set up 1–1 correspondences between L2 and M, L2 and F3, and L2 and F4. Likewise set up a 1–1 correspondence
between L1 and F1, L1 and F2, and L1 and F5.
For each z ∈ L2, take its corresponding vertices in M, F3 and F4 and apply Operation O1. For each z ∈ L1 take its
corresponding vertices in F1, F2, and F5 and apply Operation O2.
Finally consider the complete bipartite graph Gx,y := K{x,y},B−(M∪L∪(⋃5i=1 Fi)), Gr,y := K{r,s},B−(M∪L∪(⋃5i=1 Fi)),
Hx,y := H ∩ Gx,y , and Hr,s := H ∩ Gr,s . We note that both x and y have degree k′ := k −  in Hx,y and∣∣∣∣∣B −
(
M ∪ L ∪
( 5⋃
i=1
Fi
))∣∣∣∣∣= 4k − 4 = 4k′.
Moreover, x and y do not have a common neighbor in Hx,y . Applying O3, we obtain a C4-factorization of Gx,y
orthogonal to Hx,y . Similarly, we can obtain a C4-factorization of Gr,s orthogonal to Hr,s .
Doing this for each 4-set in the partition of A, guaranteed by Condition C, we obtain a C4-factorization of K4k,4k
orthogonal to H, which completes the proof. 
Corollary 5.1. Let A and B be the two partite sets of K4k,4k and let H be a k-regular spanning subgraph of K4k,4k . If A
can be partitioned into pairs of vertices such that the neighborhoods of each pair has empty intersection, then K4k,4k
has a C4-factorization orthogonal to H.
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